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Propagation of shock waves In earth’s atmgsphere
V. P. Sivor =
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( Received 28 July 1969 )

A plane shoclk =ave as it propagates vertically upward In the siatic atmosphere of earth
is studied. Variation of Mach number and velocity of the shock is obtained anzlvti'-"auv
by using Whitham's Rule. It is found that shock velocity incresses as the shock propagates
im an atmosphers with decreasing density normeli to the plane of the shock front.

INTRODUCTION

Problem of prbpagétion of shock waves in non-uniform medium with
various density distributions has been discussed by different auchors,
such as, Kopal (1956), Carrus et al (1951), Grover & Hardy (1966). These

- zuthors have used the technique of similarity solutions and have found

the behaviour of the fluid flow in the presence of shock waves.

Applying Whitham’s method (1958) to the propagation of shock waves
in a non-homogeneous medium, Bhatnagar & Sachdev (1966) have obtained

~ the differential relation between the Mach number, pressure and density.
- This differential equation was integrated numerically for different stellar

models.

In the present paper we have also used the Whitham's rule and dis-
cussed the problem of propagation of shock waves in the earth’s atmos-
chere. With minor changes the experimental data for temperature distribu-
tion given by Mitra (1952) has been used. Itis assumed that the gravity is

varying as
Ry A2
= — ]

% 9,< = +-xo) ‘ | 6
where g, is the value of g, at the surface of the earth, Ry is the radius
of the earth and 7, is the vertical distance from the surface of the earth.
Using differsnt temperature distributions of the earth’s atmosphere, the
variation of the Mach number of the shock is obtained. In the latter part,
the results are combined to find the variation of shock velocity as the shock
propagates in the atmosphere. Variation of shock velocity is shown in

Esure 1. Itis found that the shock velocity increases as the shock propa-
_ gates into the medium which becomes rarer and rarer with the distance

‘measured from the surface of the earth.

As the shock velocity increases with the distance, high velocity of the
shock causes the fluid velocity to be greater than the escape velocity in
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" The equations of motion in dimensionless parameters can bé written

as
dp dp ou
5t—+ua_x+Pa—$_ 0
ou ou, 1 op R it
ity it (gs) = \ ~G)

v/

0 :
% o) +u 2@ =0,

When the shock produced on the earth reachesa distance z = r

@éﬂjmm“vaacﬁj&?u@nd if %5,Ds, po,

are the values of u, p, p, behind the shock front, Rankine-Hugoniot
relations are given by,

2c

) = 2 (0 — -
plr,t) = s f () : . (6)
\!‘\.
palr, ) = Q“g‘&%’
where f (M) = {ZM2 = yy;l}
o) = 2 + & — 11 L)
and ¢ = ypp. 3

We apply Whitham’s Rule to the flow parimaters behind the shock
front, Equation of motion along the positive characteristic axis, just
behind the shock front is; Y

g ¢y = 5p

R c

dp, + chéduz"'u%i(_ )d-r=0 - (8)
. V5 B+ r

Substituting values of parameters u,, p, and ¢, from relations (6) and (7)
in relation (8), we get after some simplifications,

2402 + 1) ) + 200 4 g oy dpl + 20— 1ya(n %

= 2
B (v -+ 1)Mh(M)Dr
+(R + 7 ) 2(M* — 1)+vy £ g} --(9)

where c is the dimensionless sound velocity and 7 isthe distance of the
shock front from the surface of the earth. The equation (9) gives the
relation between M, p and ¢. If the absolute temperature is given, one
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' The equations of motion in dimensionless parameters can bé written

as
op ap ou
o TV Trymp="0
ou du_ 1 dp BN
% %% 'y B +(1?—+x) ok " =

g—t {pp~")+u aa—m(:mo"’)';= 0.

When the shock produced on ”the_ ‘earth reaches a distance z = r
(where %, P, p, are the fluid velocity, presute and density 3nd if wy,p,, p,,

are the values of u, p, p, behind the shock front, Rankine-Hugoniot
relations are given by,

2¢

() = 2 O — M-y
plr,t) = T £ () r - (6)
%
pa(ry 8) = L;;}’;m
' M) = J2 M2 = -7’;1
where f (M) { " }
g(M) =2 + (» — HMUY L (7))
and » ¢ = yp/p. &

We apply Whitham’s Rule to the flow parimaters behind the shock
front, Equation of motion along the positive characteristic axis, just

behind the shock front is; 2 g
E Y €2 7 3%
dpy + pocidus + P2 ( ) dr = 0 - (8)
. e + 7

Substituting values of parameters ,, p, and ¢, from relations (6) and (7)
in relation (8), we get after some simplifications,

2000 + 1 M) + 2% G 4+ 70 L4 q0r—1yan®

R (& + DM
+(R 4 r) R —D+Vrfg (9)

where ¢ is the dimensionless sound velocity and 7 is the distance of the
shock front from the surface of the earth. The equation (9) gives the
relation between M, p and ¢. If the absolute temperature is given, one
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can find pressuré from ‘equation (2) and M can be calculated from the
relation (9)-

Now the atmosphere can be adiabatic OT isothermal or the temperature
may be mom_:tonically increasing OT decreasing in it. Therefore, the
relation (9) has been discussed for different cases.

ADIABATIC ATMOSPHERE

The atmosphere of the earth is extremely transparent to the radiations
from the sun, and is hardly heated by it Thus almost all the radiation
from the sun falls on the surface of the earth. The radiation falling on
the surface of the earth is reflected pback to the atmosphere in the form
of infrared rays: The infrared rays are absorbed by the carbon dioxide and
water vapourgin the lower part of the atmosphere. Thus near the surface
of the earth, the temperature falls rapidly with the height. This rapid fall
produces instability in the density of the atmosphere and thus there are
strong air currents in this region. They stabilize the fluctuations in the
temperature. As the rate of conduction of heat in the gases is very small,
therefore an adiabatic equilibrium condition is set up- This- state Occurs
in the‘poposphere. For adiabatic atmosphere the dimensionless Pressure

density, temperature and sound velocity are given as,

Y

Y—'l Ra (y—1)
g | 1=t T
Y R+ =

_ q@—=D
p_—_[ _r—1 _ﬁi]y ) _.(10)
Y R+ =

¢t = YP/P’

Gubstituting the value of P and ¢ from (10) into (9), one gets after some
simplifications at z=",

2 dM (RIE + )
= e K.(M PR e e
o dr . )[ _y—1 Er (1)
Y R4r
where,
kM) = By + %1 E (M) (12)
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(v + 1)y M)
N {f (M)‘—{Z(Ma—l) +\/7_‘E}

B = G+ e 1 2y )
' (MDA
Aty = {1207

From the numerical computations it is found that variation ‘;n K, (M)
and K,(M) and therefore in K4(M) is small for values of M greater than 3.
Therefore for the purpose of integration, we can take Ky(M) outside the
integral sign while integrating equation (11).

Integrating relation (11) between r = 0 to r = 7 one gets,

— YEyM)
' B 2(y-1) .
; — R
< M=M,[1—7—1_' ] ..(14)
Y Rur
and hence the shock velocity U can be obtained as,
e R Y
T = i, | 1 I (Y_l ) (15)
= y/yM, 7 Fir e

The relations (14) and (15) give variation of Mach number and shock
velocity in an adiabatic atmosphere. It is observed from these expressions
that the adiabatic atmosphere is monotonically decreasing only for
yR

r<—— or <

y—DB—y TV
Mach number and shock velocity increase as r increases from zero to 3.5.
At r = 3.5, there is discontinuity, meaning that the atmosphere is unstable.

_"1 = 3.5, for y = 1.4. It is also observed that

ISOTHERMAL ATMOSPHERE

In case there are no external forces acting on the atmosphere, there
will be no motion of the air. Since conduction of heat from one part of
the atmosphere to the other is slow, in the absence of the external forces
the atmosphere will attain uniform temperature after sufficient length of
time. If T; be uniform dimensionless temperature, p, the pressure at
% = ,, the pressure at a distance =z, 2%, is given by, '

b =prexp { - B¥(z — z))[Ty(E + z,)(B + 2)} .(16)
substituting the value of p in equation (9), one getsat z =7,
2 aM _ (- 5 )’xlum - (17)
M odr + ¢ Tl
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" Integrating (17) taking Ky(¥) to be constant for the purpose of integrating,
it is easy to get,

RE, (M)(r — 1))
M = M, exp = — ; e ...(18)
5 : { T (R 4 r) R +1) 1 A
and the shock velocity as,
y T i R2E (M) (r — 1)
= U; exXp 27, (R + ) (R+7) wok19)

where M, U, are the Mach number and the shock velocity at 7 = 7.

MEDIUM WITH MONOTONICALLY INCREASING TEMPERATURE

In the upper atmosphe 3, ultraviolet rays of the sun cause some of
the air to ioni‘{e, which combines with oxygen and forms ozone. Ozone
is found at ge height of 10km to 15 km from the surface of the earth.
It absorbs the heat of the s and thus the atmosphere is heated by it.
The heat absorbed up to the height- of 30 km is negligible, but beyond
30 km the temperature of the atmosphere starts increasing. Here gas is
much rarefied. If B is the rate of increase of temperature per kilometer,
T, the temperature at a distance s, the beginning of the hot layer, v}h_gze

: =T, +F X ‘ 20
>, = 2+*—T:'(z—x2) ...(20)
& The dimensionless pressure at a distance % from the surface of the
\})J ,J{ earth is,
! k) = R _V
& > F iR+ B e o — iR
. “9 i (]”F ( c:‘ A p = Pz{—-——l——_e( £ 3_)}(R18—T:)’ exp {_ = i = },,,(21)
: ?\;{/\{ J\A‘ ol ‘ R\(T, + %) ‘ R\(Rl + %)(T'y — Ey9)
O~ _ 2
J\/&{','r:“h\y’ vyhere, 8=‘_§,—S,R1=R+x,,:‘:=x—xg,.
DS U&\‘ ; ~
,,:5\ X }p v Substituting —ZTP and __cc__ from (21) and (20) respectively, into (9)

ar - RBE,D 4 K

o (T, + 87)(E, + 7)* 2Ty + o7) «(22)
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ntegrating (22) between 7 = rg t_6 r = r, we get,
. 'R%K,
ot { BT, + o) }Z‘R‘a i { T, + _?}_K’“
Ti(‘R-l +7) T,
X exl’,{ R K7 } ..(23)
LR\(R, + 7) (Ty—E; 5) ,
The relation (23) gives the variation of Mach number in hot layer. The
shock velocity is obtained as,
_ 112
U = VU, + 57) (24)

The hot layer extends from 30 to 50 km from the surface of the earth.

THE GENERAL PROBLEM

From the results so far discussed, one can find the variation of the
Mach number and the shock velocity, when the shock propagates in the
atmosphere of earth. We have considered a model in which the tempera-
ture decreases adiabatically from 2, = 0 to 2, = 10 km. Then it becomes
constant until the height of 30 km is attained. Between 30 km to
50 km the temperature increases with gradient 5.5°K per km, K being the
absolute temperature. From 50 to 55 km, temperature again remains
constant and then upto 78 km it decreases with temperature gradient 9°K
per km. Beyond this height it is assumed that the temperature increases

continuously with temperature gradient 3.25°K per km. (Kolobkov 1960).
i« -

We assume that the shock wave propagates in the above mentioned
atmosphere with initial Mach number 4 at the surface of the earth. The
variation of shock velocity is computed from relation (15) for adiabatic
atmosphere, from (19) for i 1sotherrnal atmosphere and from (23) and (24)
for atmosphere with increasing temperature and is shown in figurs 1. It
can be seen that the shock velocity increases as the shock propagates in
the decreasing density medium. The variation of shock velocity is slower
in isothermal medium, but is sharp in the rest of the medium. (It is
concluded that the variation of shock velocity mainly depends on the |
density of the medium and increases as the density decreases, and is not v ¥~
much effected by the variation of the temperature.

~

EscAapE oF (GASES FROM ATMOSPHERE

When the shock moves in the gaseous medium, the fluid behind the
shock is also set in motion. If the fluid velocity is greater than the escape

LL
;‘
N

%>



& Tl

526 V. P. Singh
70
63 f
60
s5h
f SoF
oD 45k
>
£ 4ok
(5
S sf
w
> 30F
-4
§ 25 ¥ &
20k E E
st S S
1o §§ g £ g
<
:?rclf.;'swnsmk, $§ |§| g I E‘
o ©° I 2 3 4 56 7 8 9 6 u 12

DISTANCE o ___
Figure 1. Variation of the shock velocity in the atmosphere.

velocity of the gas particles, the particles will escape the earth’s gravitation
and go into space. The escape velocity of the fluid particles is given by,

29R?
®+ 1
In figure 2 we have drawn the fluid velocity behind the shock and escape
velocity versus distance from the surface of the earth. It is found that

the fluid velocity is greater than the escape velocity at a distance r = 10.
But at such a height the density of the air is very small and the amount
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Figure 2, Variation of the fluid velocity behind the shock front in the atmosphere-
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of the gas escaping in the space is negligible as compared to the'huge mass
of the atmosphere. T—— . TMB oF gce BPE
ConcLusion -

. Although the model considered is idealized yet it leads us to some
significant results. It is found that the strength of the shock goes on
increasing as the atmosphere becomes rarefied. In isothermal part, the
increase in shock velocity is small but is large in layers in which the tem-
perature'decreases. Above 78 km of height, we have assumed temperature
to be increasing. In this region the shock becomes stronger and stronger
as it propagates upwords. ~Tn ionosphere the gas is much rerefied and is
ionized too. Is this region fluid velocity becomes greater than the esczpe
velocity, so that some of the gas escapes from the earth’s gravitation,
though the amount of the gas escaped is very small as compared to che
whole mass of the atmosphere. s @

Beauty of the method considered in this investigation is that it can
. be applied to the more complex problems of the earth’s atmosphere. The
imethod used is simple, although a bit approximate. By this method it is
\ possible to get analytic relations for the Mach number and the shock
! velocity, which was not so easy by the earlier methods. It can be direczly
| seen that Mach number and the shock velocity are variables, not constznt
' as ahown in references. (Bhatnagar & Sachdev 1966 ; Carrus 1951 ; Kopal
U956). e
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